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Origins of the question
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Th (castraue.tl-T , Corella 20131
If a hypertree is irreducible lie . IUT, I > 151+2

jes
unless 151--1 or d-2) then it gives
an effective divisor on Ño

, n contractible by
a
"Brill-Noether "-type birational contraction,

⇒ it gives an extremal ray of L-T-tCM-o.nl .
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Th 1 Castravet - Laface - T- Ugaglia , 20207
ETF ( Flan ) is infinitely generated for n>10

,

what kind of geometric objects on Man

correspond to arbitrary hypertrees?

Leading singularities of scattering amplitudes !
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- → Man
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)is a generically finite scattering amplitude map
A =D-2in . . . adzg (viewed as a multivelued
meromorphic top degree form on Me

,a)is a scattering amplitude form
Theorem A- has degree 29

for a general ki pi . - - put c- Mgm

Goal :
"separate" 29 branches of A-

Flume single- valued probability measures)
I will give several interpretations of 2 ?
Another approach is dueto Cela -Pandhan-pande

& Farkas - Lian -Schmitt
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131,6 Pic> C É Bis P2
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16 C- 17 - curves
→ 16 C-1) - curves

16 ② - divisors

classical Case : pi . :p,- c-C are
Weierstrass points . Then E-factors

: 13116 Picc 1<3%131*2
T

minimal resolution of
the kiimmer surface

when marked points pi - pi- c-C move
away from the Weierstrass points, the
K> disappears but the y :L cover survives!
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=
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AIpkEÉ. Translation- invariant vector fields
on Pied C are given by the lax part
differential equations inthe matrix model.
Multivalued form A. on Man is obtained by
wedging these fields, dualizing and expressing
in terms of slopes of eigenspaces
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For an M - curve C, Pied (c)(IR) has

29 connected components indexed by subsets
Ichi . . . 9+13 such that I I /=-D mod 2
( e- Pic, ⇐7 1=0 (D) where D=5 and

deg(DnCi ) -= In { i} mod 2

Each Pict is a tosser over Pico _=(R/z)G
A/B

MaÉ%ffering amplitudeA- : Pied (c)→Man
satisfies (1) A-

' (14%41112)) e Pied /c)(A)
(2) A- induces a real-analytic isomorphism
GRIN! Pic I>UIA- V±cMo%☒GR)

Zariski open Zariski open

Corollas A- : Pied (c)→Man has
degree 29 for a general G-Man
PI The locus of M- curves of typeA
carB) is Zariski -dense in Mg, n and
Moti? 6121 is

,

Zan>ki-dense in Man☒



Amplification Helaine foams
on Piet-4212218 give 29 single-
valued probability distributions
on Mo%B(IR)
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Then A- induces a real acolyte
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The corresponding probability density
is smooth and positive
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Genus 1 scattering measure

Genus 2, Huisman's Component



planarlouis-w.tl : till )>2}
has codimension 3 in Pied C

EG Btw PiedC

L t IE
w a PiedC → Man

D= A- (E) is a divisor on Man
and its equation £ contributes
to the numerator of the form A- :

A-=fZ

why can't this happen along the
Hindman component Piet, ?



Fora general M-curve C , a general

L c- WAR)
.

realizes C as a Harnack carve

in P2 of degree D=gel :
✗00

9+1
components

919 -3)
+

2- Achodes

G J ✗
×

g odd⇒ all components are ovals
(separate 1121102 into a dose and a Mobius )
g. even ⇒ g components are ovals and
one is a pseudoline (generates IT . IRM)

⇒ L c- Pico 1g odd) or LE Pico
. ..o.i.no 19even)

⇒ w (B) is disjointfrom Pica



Extension to stable curves .

n -- 9+3( c-Ñg ,n d-
-Sdi --9+1

at is a multidegree lone for each irred component)

DEI (Got) is an MHV curve of
a general Le PicotC is

① not special⇐ hot4=2
② globally generated
③ A- : PicotC- -→ Man

L 1- Udp ,) . . . . . YetPn)
is generically finite

scattering amplitude form A- is a

translation- invariant form on PicotC viewed

as a multivalued form on Man via A-



A smooth C c-Mgm is always MHV
buta curve with a separating node

--•-

is neverMHV ( one -channel factorization)

9=1 MHV curves :

on- shell diagram
0 =P

'
( it higher genus , decorate with holes)

If 72 components , decorate with
mnltidegrees • = 1 , 0=0



Theorem A- behaves well in families :

a-

open substrate
in the mop

- IIY.dk#)YVDij
i.jstack ofstable

quotients µGk { I Pblz
open substrate→ PiconHUG % Man
in the stack
of pain (Cit) 1
open substrate→M-g.nmtwefttg.in
Amplifications Mtv line bundles
( c-Pico""v6 are stable with respect
to the divisor Kc-1¥ (pit. . . +pn )
(which is ample on MHV curves) .

⇒ Picon"VG is separated and
admits a compactification by a
family of compactstied Jacobians.



g-- I
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strictly strictly
semi- stable semistable

A- 12"
Flo,a=P

'

A- is an isomorphism on each
component and =d¥_i> the same

(square move)



9=2 I E-I
¥¥¥" I 1 I

1 9-0-9
5

no strictly semistable
"

line brindle

Mtv components are shaded gray
A- : Pic"'"C- -→ Mois is 4 :| with a

birational restriction to each MHVcomponent



An MHV curve is maximally degenerate
if every component =P

'
with 3

"

special
"

points
lemma ( [ABC+] +[Castanet -T] )
MÑlly degenerate MHU curves

correspond to hypertrees
How about MHV M - curves ?

theorem ( Castravet-T) Every bicolored

triangulation of 5 gives a hypertree .

mean

spherical hypertree



theoremmSpherical MHV curves are stable
limits of real MHV M - curves of typeA

- invariantkf:÷¥÷.

Proof = results of SeppEla on stable

real curves

+

Tutte

Trinity
Theorem



why is our form the same as
in [ABC-17 ?

Pide → Cookin)

Wai Hai'
Pied C - -7 Man

PÑdc={ 4- Picdc, lpiiic}
Maximally degenerate MHV case :

p~iecn-aiih-MP~iito.tl
&

Translation - invariant form on

Pic 'toÉ)= Gillam is

¥ dad adtfadez

Wedging them together gives the translation.

invariant form # on Pied C



A similar Gmd - tenor over Go 12in)
gives a non-vanishing top degree form

A.= 171¥ ÷^%÷adY÷)
aw!

We have A- =4 A-o
* Jacobian matrix

Take a dxldez) matrix
a

b e

triple {a,15,4 |. . .
tb . . .la?a-..lii

: i

Lemma ((ABC-1+7 for leading singularity)
4-- Det
'

,
whereReduced determinant

remove

Det =⇒ det [columns a.b)
( does not depend on a.b)
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Physics
"

(complex ified) momenta of
n 4D particles ⇐ 2×2 matrices R

. . . Pn
Momentum conservation Epi =D

Massless particles ⇐ det Pi --o

write Pi = XiTi
, spinor variables GD)

Arrange spinor variables into 2x h
matrices a

,
5

[Eventually , n points in D
'
will correspondto 7

and I will be ignored ]

Momentum conservation⇐ 1. IT--o 82×21*9
Little group Hi ,Tal - Hit i.ti

' Ii")

Not supersymmetric scattering amplitudes
Antti ai

,
ti

'

Ii . ; hi ) -- n ti
'

'

Antti
,
hi)

T

half- integer helicities



For N=4 SYM , helicity states can be

assembled into a Grassmann coherentstate
labelled by Grassmann variables

ME , I --1 , . . 4 (scales like IT
under little

group)

Complete superamplitude
Antti

,
I

,
ñi ) --E Ai"Hiiiii . ñi )

T
degree 4k in Ñi .

MHV case <⇒ h=z
Theoremlttosctln Leading singularity of the
MHV amplitude given by an on- shell

diagram is, -* sina.IE?m?uI!s?II-"our
"

scattering
amplitude conservation


